In this paper, we study the fidelity between two bipartite quantum states, one of which undergoes arbitrary local unitary dynamics. We propose two constrained optimization problems in terms of the maximal/minial fidelity between a fixed bipartite state and the local unitary orbit of another fixed one. The existence of extremal values of constrained optimization problems are guaranteed by the fact that local unitary groups are compact Lie groups. Some well-known quantities, such as the geometrical entanglement measure and the fully entanglement fraction, in quantifying quantum correlations and entanglement in states are represented as special cases of the proposed optimization problems, respectively, when both states in question are taken of some special forms. Although the analytical computation seems formidable, we may still give some upper bounds and lower bounds of proposed quantities. For pure states, we can give close-form formulae for optimization problems. We demonstrate some exact computation of extremal fidelity in terms of Werner states. Some problems are left open for the future research.
I. INTRODUCTION
Finding suitable quantities for the characterization of correlations in a bipartite or multipartite quantum state has been an important problem in quantum information theory. The most well-known quantities are quantum entanglement, mutual information and fidelity [1] . To investigate the variations of such quantities under local dynamics has practical applications. First, the evolution of free entangled states into bound entangled or separable states in finite time under local noise has been studied in terms of the fidelity [2] . Next, by searching for the maximally and minimally correlated states on a unitary orbit, the authors in [3] studied the amount of correlations quantified by the quantum mutual information. This is attainable between the components of a quantum system, when the system undergoes isolated, unitary dynamics. The correlations in a bipartite or multipartite state within the construction of unitary orbits have been also examined in [4] .
In this paper, we study the fidelity between two bipartite quantum states, one of which undergoes arbitrary local unitary dynamics. Under general unitary evolutions, every given quantum state belongs to a continuous orbit. We analyze the 'distance' between two bipartite quantum states under general local unitary evolutions: the maximal and minimal quantum fidelity between two such local unitary orbits.
To be more specific, let ρ 12 and σ 12 be two arbitrary bipartite states acting on the Hilbert space H 1 ⊗ H 2 of dimensions d i = dim(H i ) where i = 1, 2. Let I d be the identity operator on C d , and U(H) the group of unitary matrices on H. We propose two constrained optimization problems in terms of the following two functionals.
where f (ρ 12 , σ 12 ;
, and F (ρ, σ) := Tr √ ρσ √ ρ is the fidelity between any two semi-definite matrices ρ and σ. Because of the symmetric property of fidelity, the two functionals are unchanged under the exchange of arguments ρ 12 and σ 12 .
The two functionals have physical interpretation on their own. First, G max (ρ 12 , σ 12 ) is equivalent to a special case of the geometric measure of entanglement (GME) when ρ 12 or σ 12 is a pure product state [5, 6] . In fact, the GME of a bipartite state measures the closest distance between this state and separable states. The GME is a multipartite entanglement measure and has been extensively studied recently [7, 8] . The GME has applications in the construction of initial states for Grover algorithm [9, 10] , the discrimination of quantum states under local operations and classical communications (LOCC) [11] , and one-way quantum computation [7] . For a review of GME we refer the readers to [8] . Besides, G max (ρ 12 , σ 12 ) is equivalent to the square root of the fully entangled fraction (FEF) when ρ 12 or σ 12 is a maximally entangled state for (16) in Ref. [12] ). The fully entangled fraction plays important role in teleportation, for instance, the fidelity of optimal teleportation is given by the fully entangled fraction [13] . Since the fully entangled fraction has clear experimental and theoretical significance and a special case of G max (ρ 12 , σ 12 ), an analytic formula for G max (ρ 12 , σ 12 ) is of great importance. In Ref. [14] a close-form for the fully entangled fraction in a two-qubit system is derived analytically by using the method of Lagrange multiplier. For high-dimensional quantum states the analytical computation of G max (ρ 12 , σ 12 ) is formidably difficult, and less results have been known. Second, G min (ρ 12 , σ 12 ) is related to the famous distillability problem in entanglement theory. It is known that a bipartite state ρ is distillable if and only if there exists a positive integer n and a Schmidt-rank two pure state |ψ , such that ψ|σ Γ |ψ < 0 [15] . Here σ Γ denotes the partial transpose of any state σ = ρ ⊗n [16] . Let x be a positive num-ber such that α = σ Γ + xI is positive semi-definite. We can rewrite ψ|σ Γ |ψ = F 2 (|ψ , α) − x. The distillability problem requires to check all states |ψ . Hence ρ is distillable if and only if min λ∈(0,1) G 2 min (|φ λ , α) < x, where |φ = √ λ|00 + √ 1 − λ|11 . The distillability problem has turned out to be very hard, and a review of recent progress can be found in [17] . We hope that the study of the two functionals may shed new light to the GME, FEF and distillability problem.
The rest of the paper is organized as follows. In Section II, the close-form formulae of G max and G min , respectively, are obtained when both ρ 12 and σ 12 are pure states. Next, some upper bounds and lower bounds on these quantities are computed in Section III. Then some examples are provided in Section IV and discussion is also made. Concluding remarks are presented in Section V.
II. ANALYTICAL FORMULA OF Gmax AND Gmin FOR TWO PURE BIPARTITE STATES
In this section we will use the vector-operator correspondence, defined as follows [1] :
where X = i,j X ij |i j|. For any state ρ 12 , we define the two reduced density operators ρ 1 = Tr 2 (ρ 12 ) and ρ 2 = Tr 1 (ρ 12 ). We also denote s k (ρ 12 ) stands for singular values of ρ 12 .
Theorem II.1. Let ρ 12 = |Φ 12 Φ 12 | and σ 12 = |Ψ 12 Ψ 12 |, where the spectra of ρ 1 and σ 1 are {a 1 · · · a N 0} and {b 1 · · · b N 0}, respectively, and
and
Proof. There are two
Since ρ 1 = AA † and σ 1 = BB † , the assertion follows from the fact [18] :
where s k (X) stands for the singular values of matrix X. Next, we show that G min (ρ 12 , σ 12 ) = 0. Indeed, by Schmidt decompositions of ρ 12 and σ 12 , respectively, we have
Apparently, there exist local unitaries V 1 and V 2 such that
This completes the proof.
When |Φ 12 is a maximally entangled state from a given set of maximally entangled basis in H, decoding the unitaries V 1 , V 2 by measurements is known as the task of quantum super dense coding. A particular case of this theorem has been used to construct a family of entanglement witnesses [19] . On the other hand in general,
Indeed, assume that X ∝ I and Y being of zero trace (i.e. Y ∈ {I} ⊥ ), so when U, V are taken to be I, then |Tr (XU Y V )| = 0. If, furthermore, both X and Y are nonzero operator, then
However, the following inequality is clearly:
In spite of the above result, it turns out that finding the analytical solution for general mixed states is unlikely since local unitary actions are involved in the optimization instead of global unitary action, for which we have obtained analytical formulae in [20] . In terms of a computational point of view, we need the fact that the fidelity can be seen as the solution to the semi-definite program (SDP) optimization problem [21, 22] (as a primal problem):
subject to:
Then its dual problem is described as follows:
where Y, Z are Hermitian operators.
Thus we obtain our family of optimization problems (which depends on local unitary groups):
where
In next sections we study the bounds of G max and G min and their connections.
III. BOUNDS OF
. That is, they are the critical points that respectively achieve G max and G min . Using these facts, we construct a general relation between G max and G min . 
Proof. For any semi-definite positive matrix X, the following inequality is easily derived via the spectral decomposition of X:
where the first equality holds if and only if X has identical nonzero eigenvalues, and the second equality holds if and only if X has rank one. Let X = A 1/2 BA 1/2 for any two semidefinite positive matrices A, B. Then (19) implies
Tr(AB), (20) where the first equality holds if and only if A 1/2 BA 1/2 has identical nonzero eigenvalues, and the second equality holds if and only if A 1/2 BA 1/2 has rank one. To prove the first inequality in (18) , let W 1 ⊗ W 2 = arg G max (ρ 12 , σ 12 ) . We have
where the first inequality follows from the definition of G max and G min , and its equality is equivalent to condition 1. The second inequality in (21) follows from the first inequality in (20) by assuming A = ρ 12 , B = (
† , respectively. Its equality is equivalent to condition 2 by the first inequality in (20) . The third inequality in (21) follows from the fact rank(A) rank(A 1/2 B 1/2 ). Its equality holds if condition 3 holds. So we have proved the first inequality, and the three conditions by which the equality holds in (18) .
To prove the second inequality in (18) , let
where the second inequality follows from (20) by assuming
† , respectively. So we have proved the second inequality in (18) . The equality in (18) holds if and only if the first two equalities in (22) both hold. The first equality is equivalent to condition 4 by the definition of G max and G min , and the second equality is equivalent to conditions 5 and 6 by (20) . This completes the proof.
One can easily verify that the second equality in (18) holds when ρ 12 is pure, or ρ 12 = 1 2 (|00 00| + |01 01|) and (
In both cases, computing G max and G min are equivalent. Furthermore, conditions 5 and 6 imply that ρ 12 has rank at most two. If it has rank two, then conditions 5 and 6 imply that σ 12 is pure. Thus, at least one of ρ 12 and σ 12 is pure when the second equality in (18) 
Proof. The first inequality follows directly from a fact in Ref. [23] : It holds that
where M, N 0 are positive semi-definite operators. The second inequality follows from a fact in Ref. [24] :
where ρ, σ, τ are three states. The third inequality follows from a fact in Ref. [25] :
We are done.
The following two results maybe of independent interest, which is presented as below.
Proposition III.3. Let ρ and σ be two quantum states on H d , and Φ be a quantum channel over H d . Then
Proof. From Lemma B.7 in [26] , we know that for an identity resolution j E j = I,
Again, by employing the following simple fact, Lemma B.6 in [26] ,
, we obtain the inequality in (29) . The other inequality is from the concavity of fidelity. 
where A(ρ, σ) is called affine fidelity [27, 28] , defined by
Proof. Consider a map defined over the unitary group U(H d ) in the following:
Apparently, g is a continuous map over U(H d ) and g(I d ) F (ρ, σ). Since the unitary group U(H d ) is a compact and connected Lie group, it follows that the image of U(H d ) under the map g is a closed interval. Thus it suffices to show that there exists a unitary operator V such that F (ρ, σ) g(V ). We proceeds with the following result obtained in [20] : there exists a unitary operator V ∈ U(H d ) such that
By Golden-Thompson inequality Tr e
A+B
Tr e A e B , we get that F (ρ, σ) g(V ). Now the fidelity F (ρ, σ) ∈ im(g), the image of g. Therefore there exists a unitary operator U 0 ∈ U(H d ) satisfying the property that we want. We are done.
In the following two subsections, we will respectively derive the upper and lower bounds of G max and G min .
A. Bounds of Gmax
The monotonicity of the fidelity implies the upper bound
This bound is analytically derivable, as we have computed explicitly max U F (ρ, U σU † ) and min U F (ρ, U σU † ) [20] . This result directly applies to the computation of max U12 F (ρ 12 , U 12 σ 12 U † 12 ). Next we obtain a lower bound of G max . Since F (ρ, σ) A(ρ, σ) for any two states ρ, σ, we have
We have denoted the uniform normalized Haar measure by dU over the unitary group. On the other hand, the inequality [29] S(ρ||σ) −2 log F (ρ, σ)
where S(ρ||σ) := Tr (ρ(log ρ − log σ)) is the quantum relative entropy, implies
So we have obtained a lower bound of (1)
B. Bounds of Gmin
Clearly
where the last inequality follows from the integral over U(d 2 ). By exchanging ρ 12 and σ 12 in the inequality, we obtain an upper bound of (2)
Next, we study the lower bound of G min . Let S(ρ) := − Tr(ρ log ρ) be the von Neumann entropy with the natural logarithm log and 0 log 0 ≡ 0. It is obtained in [30] that for full-ranked states ρ, σ ∈ D (H d ), we have
where λ ↓ (ρ) denotes the set of eigenvalues of ρ in the decreasing order and λ ↑ (σ) denotes the set of eigenvalues of σ in the increasing order. It is known that the fidelity is unchanged under the exchange of arguments. Assuming ρ = ρ 12 , σ = (U 1 ⊗ U 2 )σ 12 (U 1 ⊗ U 2 )
† and exchanging them in (41), we obtain a constant lower bound of (2) G min (ρ 12 .
where the last argument follows from (35).
IV. SEVERAL EXAMPLES WITH DISCUSSION

A. Examples
Example IV.1. If ρ 12 is a pure product state, then the optimal value G max (ρ 12 , σ 12 ) amounts to the S(1)-norm σ 12 S(1) of σ 12 , proposed in [31] . In fact, ρ 12 = |ψ 1 ψ 2 ψ 1 ψ 2 |, where ψ i ∈ H i for i = 1, 2. Apparently U i |ψ i can generate the whole space H i when U i runs all over the unitary group U(H i ). Then 
